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Abstract

With modified hit triplet finding the pixel detector can be employed for the reconstruction of lowpT

charged particles. The acceptance of the method extends down to 0.1, 0.2 and 0.3 GeV/c in pT for
pions, kaons and protons, respectively. The fake rate can begreatly reduced, and kept at or below
the percent level, with help of information present in the shape of the pixel cluster. Acceptance and
efficiency of 80-90% can be achieved, withpT resolution of 5.5% in the central region.



1 Introduction
The reconstruction of lowpT charged particles is crucial for hadron physics where the measured particle yields,
spectra and correlations have to be compared to model predictions [1]. The physics of rare highpT events also
needs good knowledge about the characteristics of the underlying background collisions. It is important for high
energy physics in general.

In the CMS detector the high occupancy of silicon strips in central A+A collisions makes their inclusion into
charged particle tracking difficult [2]. The use of silicon pixels alone allows to use the same analysis for low
multiplicity p+p, p+A and high multiplicity A+A events. At the same time this choice enables the reconstruction
of very lowpT particles, even down to 0.1 GeV/c for pions, with low fake rate.

In collision of hadrons and nuclei the most abundantly produced charged particles are pions, kaons and protons of
both charges. Secondary electrons and positrons are also created by photon conversion in materials (beam-pipe,
silicon layers and support). For this reason the demonstration plots in this note show measured quantities for
the three long-lived charged particles: pions, kaons and protons. (The identification of these particles is indeed
possible. The specific energy loss can be extracted using theenergy deposited in the detector, both truncated mean
and maximum likelihood methods are applicable.)
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Figure 1: Schematic comparison of the standard
straight line prediction and the new helix prediction
for finding the third hit. Limiting trajectories (solid
blue) that touch the cylinder of origin cut out an arc
(thick green) from the barrel layer of the third hit can-
didates. In the standard method the azimuth of the
outer hitP2 is used (solid black arrow).

Figure 2: Transverse momentum distribution of sim-
ulated (solid red), accepted (green dashed) and recon-
structed charged particles. For comparison the result
of the new helix method (dotted blue) and the stan-
dard one (dotted black) is given. The definitions are
given in Section 4.

2 Modified hit triplet finding
The standard pixel hit triplet algorithm [3] first finds hit pairs, then for each pair it predicts the range of possible
coordinates (φ andz or r) of the third hit. The method uses a straight line through theinner hit and outer hit of the
pair in order to get thez/r prediction. Theφ prediction is simply the corresponding value of the outer hit (Fig. 1).
Tolerances are set such that they take into account the effects of multiple scattering. When going to lowerpT , the
nature of the prediction sets back the reconstruction of particles increasingly belowpT ≈ 0.9 GeV/c, even disables
it for pT < 0.5 GeV/c (Fig. 2).

Low pT particles can only be found if the search for the third hit is modified, keeping the logic of track finding
intact. Hit pairs are formed first,P1 andP2 are chosen from different pixel layers. During the search for the third
hit P3 the following requirements must be fulfilled:
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• ”origin”: the track must come from the cylinder of origin. The cylinder is given by its radius, half-length
and position along the beam-line.

• ”minimum”: thepT of the track must be above the minimal valuepT,min.

• ”third”: the track must be able to reach the layer (barrel or endcap) where the candidates for the third hit are
located.

2.1 Limiting circles, allowed ranges

In the small volume of the pixel detector the magnetic field ispractically constant, the charged particles propagate
on helices. The projection of a helix or a cylinder onto the transverse plane is a circle. With a given cylinder of
origin and a point pairP1 andP2 each requirement defines a region of allowed track trajectories. Each region
is enclosed by a pair of so called limiting circles, projection of extreme trajectories. The ”allowed” tracks pass
though bothP1 andP2 and they locate in the intersection of these regions. The task is to construct the limiting
circles. The detailed geometrical discussion in Section A.1 shows that it can be done using an inversion with center
P1 and radiusP1P2.

With help of thez coordinates of pointsP1 andP2, any allowed circle can be transformed back to a helix (see
Section A.2). The third hit candidates are located on a layer. The thrusts of allowed helices on the surface of that
layer form a curve. It is not necessarily a line, but already well approximated by a parabola in proper coordinates:
(φ, z) for barrel and(φ, r) for endcap. A parabola can be defined from three points, hencethree special trajectories
are needed: the two limiting helices and a central helix. Thehit cache providing the third hit candidates expects
ranges in(φ, z/r) coordinates. In order to match that, the rectangular envelope of the corresponding part of the
parabola is calculated.

A slow particle can be deflected by multiple scattering. In order not to lose hit candidates the envelopes have to
be broadened, tolerances should be set. The deduced acceptance of the pixel detector for this method is given in
Section 4.1. The lower limits inpT are 0.1, 0.2 and 0.3 GeV/c for pions, kaons and protons, respectively. At these
momenta the standard deviation of the multiple scattering distribution is similar for all the three particle types. It
is about 0.02 rad if the thickness of the material is 1% radiation length. Simple calculation leads to tolerances inφ
(0.03 rad) and inz/r (0.3 cm).

2.2 Third hit candidates

The provided third hit candidates are examined next. The combination of the point pairP1 andP2 with a candidate
P3 defines unambiguously a circle in the transverse plane. The helix has a linear relationship between the azimuthal
angle with respect to the center of the circle and thez coordinate. This way, with help of the positions ofP1 andP2,
thez coordinate of the third hitP3 can be predicted. The measuredz coordinate differs from the prediction mainly
due to multiple scattering in the intermediate pixel layersand support. In the low momentum range multiple
scattering is proportional to1/(βp) which is roughly inversely proportional to the mass of the particle. Hence
protons scatter more than kaons, kaons scatter more than pions. The amount of multiple scattering, its standard
deviationσ for relativistic particles (β = 1), can be obtained from parametrisation (see Appendix of [3]). For the
calculation ofσ, the position ofP2 together with the parameters(η, pT ) of the track candidate have to be provided
(”one point constraint”). Inz direction, for low momentum

σz(θ, β) =
σ

β sin θ
(1)

At this stage of the reconstruction the type of the particle is not known yet. Therefore, the mass of the mostly
produced particle, the pion, is assumed for the calculationof β. The amount of multiple scattering can be studied
in detail by plotting the difference of the measured and predictedz coordinates of the third hit candidates, in units
of σz (Fig. 3). Departures are clearly present for barrel layers where the distributions are wider than expected: 20%
increase for kaons and 40% for protons. This can be explainedby the fact that the calculation ofβ with the false
mass affects low momentum particles and these are less abundant in the endcap layers. Taking this observation
into account, a candidateP3 is accepted if itsz position is closer to the prediction than 4σz.
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Figure 3: Study of multiple scattering connected to third hit candidates on barrel layers (left) and endcap layers
(right). δz is the difference between the measured and the predictedz position of the hit,σz is the standard deviation
of theδz distribution expected from multiple scattering parametrisation, assuming pion mass. Distribution of ratios
δz/σz is shown for pions (solid red), kaons (green dashed) and protons (blue dotted). Results of Gaussian fits for
the different particle types are given, the fit curve for pions is shown (black solid).
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Figure 4: Directed envelopes. The sample clus-
ter at the top left corner consists of two vertical
columns (blue rectangles) marked by vertical ar-
rows in y direction (blue arrows). The compar-
ison of the columns proceeds inx direction (red
arrow). The resulted signed dimensions of the en-
velopes are given in parentheses. The cluster la-
belled ”multi” is not compatible with a single par-
ticle hit because its rightmost column has an empty
pixel .

3 Triplet cleaning
While high pT tracks are relatively clean, pixel hits can often be combined to form fake lowpT tracks. It is
therefore important to filter out this undesirable background. This can be achieved using the information present
in the shape of the pixel cluster and by looking at lost hits.

Cluster shape information. A hit contains much more information than merely its position. An incoming
charged particle leaves energy, charge in the pixels. Neighboring pixels (those with common edge or vertex) are
grouped to form a cluster, a reconstructed hit. The size, elongation, of the cluster will depend on the angle of
incidence of the particle: bigger angles will result in longer clusters. This observation can be exploited in many
ways. Among others it can be used to check whether the measured shape of the cluster is compatible with the
predicted angle of incidence of the track.

A pixel cluster can be described by the dimension of its directed ”envelope”. First, the cluster is decomposed into
a set of columns covering the pixels in localy direction (see Fig. 4). Each column has a minimal and a maximal
y position. The relative positions of the columns are compared successively starting from the first column with
the lowest localx position. If the minimal and maximaly position of the second column changes properly with
respect to the first one, the cluster will have a trend iny. If the maximum and/or the minimum increases the trend
is positive, while in case of a decrease it is negative. If themaximum and the minimum move in opposite directions
or if there are empty pixels in the column, the cluster is not compatible with a single particle hit. The comparison
continues until the column with highestx position is processed. The envelope of the cluster has a definite direction
if the trend did not change during the comparison of columns.The dimension(∆xmeas,∆ymeas) of the directed
envelope is simply the size of envelope in pitch units, but its size iny is multiplied by the trend (+1 or -1). Some
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Figure 5: Effect of the Lorentz-shift. A charged particle (blue) crosses the pixel layer. The produced electrons
drift (red) towards the pixels of the upper readout plane, hence the charge appears on the line segmentS1S2. The
particle can come from below (left) or from above (right), still giving the same line segment and thus the same
cluster shape. This explains the fact that for a given cluster envelope there are always two corresponding possible
particle directions.

examples are given in Fig. 4. (The cluster might also be skipped if it is at the boundary of a silicon unit.)

A particle crossing is defined by its entry and exit points. The ”movement” vector in local coordinates is given
by the pair(∆xreal,∆yreal) which is the planar projection of the vector connecting the entry and exit points (see
Fig. 5). Due to the effect of the crossed electric and magnetic fields the drift direction is not normal to the surface
but rotated inx direction. This way the vector ~S1S2 of the drifted charge (on the readout plane) will differ from
the movement vector. The particle can come from below or fromabove, still giving the same line segment and thus
the same cluster shape. Hence for a given envelope there are always two corresponding possible particle directions
and movements.

The connection between the envelope and the movement was obtained from fast simulation. 10 million minimum
ionising (388 eV/µm) particles with flat movement distribution were generated. The energy deposits were collected
in the pixels of a model silicon unit (pitches of 155µm and 101µm; thickness of 300µm). A pixel was filled if the
deposited energy reached the threshold value of 5 times the standard deviation of the electric noise (5 · 3.7 = 18.5
ADC). After digitisation and clusterization the directed envelope was determined and the movement vector was
stored. For a given envelope the compatible movements form two distinct groups (Fig. 6 top). In each group the
points have triangular distribution both in∆xreal and in∆yreal. Therefore the entries can be enclosed by two
boxes, a Gaussian fit is not justified. Separate tables have been produced for barrel and endcap layers because they
have different Lorentz-shifts (127 µm and−43 µm in x direction, respectively).

In reality the energy deposits are not simply proportional to the path-lengths but largely fluctuate. In order to
compensate for this difference, the boxes have been widenedby 0.2 units. The results have been cross-checked
with detailed Geant simulation (Fig. 6 bottom). It is clear that the different compatibility boxes contain almost
every produced entries.

Lost hits. In the endcap layers the particles have small angle of incidence. Hence the compatibility check with
the shape of the pixel cluster is less efficient than in case ofbarrel layers. This results in higher fake rate and higher
fraction of multiple counted tracks. The situation can be improved if the tracks are checked for lost hits. In this
note a very simple solution is used: only special triplets are allowed. Namely, the first two hits must lie on the two
inner barrels, while the third hit can be on the outer barrel or on one of the closer endcaps.

The constructed hit triplets, pixel tracks, can be already passed to the usual momentum fitting procedure.
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Figure 6: Distribution of the planar distances of exit and entry points, movements(∆xreal,∆yreal), for several
measured envelopes(∆xmeas,∆ymeas), both in pitch units. Entries and ranges from fast calculation (fast sim) are
shown for both barrel and endcap layers at the top. Entries and ranges (widened by 0.2 units) from fully simulated
data (p+p Geant4) are shown at the bottom.
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Figure 7: Acceptance as a function ofη (left) and as a function ofpT (right, if the track is in the range|η| < 1).
Values are given separately for pions, kaons and protons.

4 Results
Data sets with several settings have been prepared in order to properly demonstrate the different aspects of lowpT

reconstruction. They include:

• straight line vs helix: reconstruction with standard or with modified hit triplet finding

• benefits from cluster shape information: reconstruction with or without checking the angle of incidence

• luminosity and multiplicity: single minimum bias p+p events; minimum bias p+p events with low and high
luminosity pile-up; single Pb+Pb events

These studies are based on 25 000 single minimum bias p+p events (Pythia generator), reconstructed with modi-
fied hit triplet finding using the standard settings (originRadius = 0.2 cm;originHalfLength = 15 cm;
originZPos = 0 cm), but much lower minimalpT (ptMin = 0.075 GeV/c). Lines in the plots are drawn to
guide the eye.

Simulated and reconstructed tracks can be compared to each other by associating their hits using spatial distances.
A simulated track is reconstructed if each hit of a reconstructed track is associated to hits of the simulated track.
A reconstructed track is partially matched to a simulated one if at least one, but not all of its hits are associated. A
reconstructed track is fully matched if all of its hits are associated. With these notions the following properties can
be defined:

• Acceptance: ratio of reconstructible to all simulated tracks. A charged particle is reconstructible if its vertex
is in the cylinder of origin and if it has hits in at least threedifferent groups of pixel layers (first, second and
third barrel; closer and farther endcap).

• Efficiency: ratio of reconstructed to accepted tracks. Thisis the fraction of reconstructible tracks which are
indeed found.

• Multiple counting: fraction of such simulated tracks whichare reconstructed more than once, in other words
they have more than one full match. They are mostly loopers.

• Fake rate: fraction of reconstructed tracks which are at most partially, but not fully matched to any of the
simulated tracks. They are from combinatorial background.

4.1 Acceptance

The acceptance of the pixel detector is limited both inη andpT . While the former is evident, the latter can be
illustrated by the fact that a charged primary particle can reach the third pixel barrel only if itspT > 0.003 · B ·
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Table 1: Average acceptance and efficiency values in the plateau ranges|η| < 1 andpT > 0.5 GeV/c are shown
for pions, kaons and protons. The roundedpT values where the acceptance or efficiency is at 50% or reachesthe
plateau are also given, in GeV/c units.

Acceptance Efficiency
average 50% plateau average 50% plateau

|η| < 1 pT > 0.5 reached atpT of |η| < 1 pT > 0.5 reached atpT of
pion 0.88 0.90 0.08 0.1 0.90 0.94 0.10 0.2
kaon 0.85 0.90 0.16 0.2 0.90 0.94 0.18 0.3
proton 0.84 0.88 0.24 0.3 0.86 0.92 0.27 0.4
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Figure 8: Efficiency as a function ofη (left) and as a function ofpT (right, if the track is in the range|η| < 1).
The values are given separately for pions, kaons and protons.

R3/2 ≈ 60 MeV/c (with B = 4 T andR3 ≈ 10 cm). In reality higher momentum is needed because the particle
loses energy (and momentum) in the beam-pipe, in the crossedpixel layers and support. The specific energy loss
is function ofβγ = p/m of the particle, thus for the same momentum it is different for particles with different
mass. Hence the protons and kaons are less accepted than pions, namely they have smaller range. The acceptance
is slightly influenced by the multiple scattering which is again bigger for higher mass particles.

The acceptance for pions, kaons and protons as a function ofη andpT is shown in Fig. 7. It is closely flat in the
range|η| < 2 for all particle types with average values 0.88, 0.85 and 0.84 (see Table 1). It rises sharply withpT

and reaches a plateau at 0.1, 0.2 and 0.3 GeV/c for pions, kaons and protons, respectively. The pixel detector can
be used for charged particle tracking with essentially flat acceptance above thesepT values.

4.2 Efficiency

The efficiency of the reconstruction for pions, kaons and protons as a function ofη andpT is shown in Fig. 8. It is
closely flat in the range|η| < 1.5 with the exception of protons. The average values are 0.90, 0.90 and 0.86 (see
Table 1). The acceptance rises sharply withpT and reaches a plateau at 0.2, 0.3 and 0.4 GeV/c for pions, kaons and
protons, respectively. The pixel detector can be used for charged particle tracking with essentially flat acceptance
above thesepT values.

4.3 Multiple counting

The fraction of multiply counted tracks as a function ofη andpT is shown in Fig. 9. It is below 1% nearη = 0,
but goes quickly to zero for|η| > 0.5. Some fraction appears at very lowpT but it is already at the permille level
for pT > 0.2 GeV/c.
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Figure 9: Fraction of multiple counted tracks as a function of η (left) and as a function ofpT (right, if the track is
in the range|η| < 1).
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Figure 10: Fake rate without triplet cleaning as a function of η (left) and as a function ofpT (right, if the track is
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shows thepT dependence with logarithmic vertical scale.

4.4 Fake rate

The fake rate as a function ofη andpT , for particles of both charges, is shown without and with triplet cleaning in
Fig. 10 and Fig. 11, respectively. Without cleaning the fakerate reaches 20% at|η| = 2, but even atη = 0 it stays
close to 4%. With cleaning these numbers go down to about 2% and 0.5%, respectively, which is a reduction by
factor 10. In the range|η| < 1 the fake rate falls steeply with increasingpT . It is about 4% at 0.1 GeV/c and goes
below 1% at 0.16 GeV/c, staying at the permille level for higherpT .

The shape of the pixel clusters is different for positive andnegative particles of samepT . The Lorentz-shift makes
the clusters of the positives narrower, while those of the negatives are widened. This asymmetry is reflected in the
effectiveness of the compatibility check with the angle of incidence (see Section 3), which difference propagates
to the fake rate distribution. While there is no charge dependence in the no cleaning case (Fig. 10), there are half
as much negative fakes as positives when cleaning is used. (The fake rate for negatives atη = 0 is about 0.3%.) In
this sense the pixel detector performs better for negative particles.

4.5 Resolutions

The bias and resolution of the reconstructedη andpT can be studied as a function of the simulated quantities (see
plots in Fig. 12). The reconstructedη is practically bias free with resolution in the range of 0.005 - 0.01. It is
governed by multiple scattering which is inversely proportional to the total momentum. This explains why the
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Figure 11: Fake rate with triplet cleaning as a function ofη (left) and as a function ofpT (right, if the track is in
the range|η| < 1). Values for both charges, positives and negatives are showseparately. For comparison the result
without triplet cleaning is plotted as well. Note the different vertical scale with respect to Fig. 10.

pions with lowest average momentum have the worst resolution. The reconstructedpT is generally smaller than
the simulated one, the ratio of reconstructed to simulatedpT converges to 0.98 for higherpT particles. This bias is
probably a feature of track reconstruction. It originates from the uncertainty of hit position reconstruction which
on average could push the radius of the projected circle to smaller values. At the same time the bias is larger for
lower pT and for heavier particles. This observation can be readily understood, being due to the energy loss of
the particle which increases with decreasing momentum and scales withp/m of the particle. In case of protons a
correction of about 10% needed atpT = 0.2 GeV/c. The energy straggling is reflected in the relative resolution of
pT that shows a behaviour similar to that of the bias. The relative resolution for pions and kaons converges to the
value of 5.5%.

4.6 Performance at various conditions

The performance of lowpT reconstruction was studied under several running conditions.

• Minimum bias p+p events with pile-up

These studies are based on 25 000 minimum bias p+p events (Pythia generator). The events have been
grouped according to Poissonian distribution in order to study the effect of pile-up at low-luminosity (2 ·
1033cm−2s−1, 5 events per bunch-crossing on average) and at high-luminosity (1034cm−2s−1, 25 events
per bunch-crossing on average). Only in-time pile-up was considered.

• Central Pb+Pb events

These studies are based on 25 central Pb+Pb events with two multiplicity settings (Hydjet generator with
NETA = 30 000 called ”central” andNETA = 15 000 called ”medium”). In case of heavy ion running low
intensity is expected, thus only a single event was simulated in the detector without pile-up. The multiplicity
is very high: tens of thousands of charged particles are created in a central Pb+Pb collision. The primary
vertex of the event was determined first with good precision using highpT tracks. With this knowledge, in
a second turn, the cylinder of origin was centered on this vertex (originZPos) with a small half-length of
originHalfLength = 0.1 cm. In order to further reduce the fake rate the radius ofthe cylinder of origin
was reduced tooriginRadius = 0.1 cm. The reconstruction could be speeded up by increasing the low
pT cut toptMin = 0.175 GeV/c.

The comparison of reconstruction efficiency as a function ofη andpT is shown in Fig. 13. For Pb+Pb collisions
the efficiency is generally below the p+p value inpT by about 5%.

The fake rate as a function ofη andpT is shown in Fig. 14. Atη = 0 it is about 3% for low-luminosity and about
15% for high-luminosity p+p pile-up, while the central Pb+Pb value is at 13% and the medium Pb+Pb value is
at 7%. The best performance for p+p events is reached at|η| ≈ 1 where low-luminosity gives about 1% and the
high-luminosity has about 5% fakes. The fake rate falls steeply with increasingpT . At pT = 0.2 GeV/c it is about
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Figure 12: Resolution of track parameters. Upper left: resolution of reconstructedη as a function of the simulated
one. Lower left: ratio of reconstructed to simulatedpT as a function of the simulated one, bias. Upper right and
lower right: relative resolution of reconstructedpT as a function of simulatedη andpT . The dependences onpT

are only given in the range|η| < 1.
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Figure 14: Fake rate as a function ofη (left) and as a function ofpT (right, if the track is in the range|η| < 1).
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from central and medium Pb+Pb collisions.

2% for low-luminosity and about 10% for high-luminosity p+ppile-up. In case of central (medium) Pb+Pb the
rate goes below 10% (5%) ifpT > 0.4 GeV/c. In case of p+p collisions the fake rate is roughly proportional to the
luminosity.

The lowpT reconstruction could benefit from lower magnetic field in thetracker volume (e.g. 1 T or 2 T instead
of the standard 4 T) by putting particles on helices with larger radii. At the same time the acceptance is largely
influenced by energy loss and multiple scattering which would stay the same even with lowered field.

5 Further developments
This note dealt with pixel hits only for reasons already mentioned in the introduction. Of course even lowpT

particles leave a lot of hits in the strip detector as well. The use of the pixel triplets can give a good starting point
for global seeding in the strip part of the tracker. Strips could be used for tracking (low multiplicity p+p) or for veto
(high multiplicity A+A). This trivial extension should improve momentum resolution for higherpT particles where
the bend of the track is not sufficiently determined from the small volume of the pixel detector. The inclusion of
strip hits should also reduce the fake rate, though those tracks where the fake rate is problematic (some 100 MeV/c)
usually have no or few hits in the strip detector. Strip hits could also be checked for cluster shape.

Cuts and certain parameters can be optimised further, mostly for the sake of fake rate reduction in the very lowpT
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region. For example, the choice of the cylinder of origin, its parameters, can be set differently for different sort of
physics needs. The optimisation has a price: there is an interplay between efficiency and fake rate, reduction of
one will increase the other.

As it was demonstrated in Section 4.6, the reconstruction ofvery high multiplicity Pb+Pb events can be substan-
tially improved by determining the position of the primary vertex in advance, with help of highpT tracks. The
same idea may work for high luminosity p+p events. Having found the primary vertices, in a second turn the
cylinders of origins can be restricted to the proximity of those.

The specific energy loss of a charged particle is coupled to its momentum if the mass of the particle is known
(Bethe-Bloch curve). In principle this information could be used for cleaning hit triplets further, by looking at
the compatibility of their energy deposits with each other and with the momentum of the corresponding track.
However, this type of check would definitely introduce strong bias and it was not considered further.

Although neutral particles do not deposit energy in the pixels, they can be detected via their charged decay or
conversion to electron-positron pairs. By increasing the radius of origin to about 3 cm, not only charged primaries
but also many secondaries are reconstructible. The combination of the resulting helices enables the reconstruction
of low pT short-lived weakly-decaying particles (V0s:K0

S, Λ andΛ) decaying before the first pixel barrel [4]. Low
pT photons converting in the beam-pipe or in the first pixel barrel are detectable as well.

6 Conclusions
With modified hit triplet finding the pixel detector can be employed for the reconstruction of lowpT charged
particles. The acceptance of the method extends down to 0.1,0.2 and 0.3 GeV/c in pT for pions, kaons and
protons, respectively. The fake rate can be greatly reducedwith help of information present in the shape of the
pixel cluster. Acceptance and efficiency of 80-90% can be achieved, withpT resolution of 5.5% in the central
region. The fake rate for single, low-luminosity and high-luminosity p+p collisions is smaller than 2% abovepT

values of 0.13, 0.2 and 0.35 GeV/c. In case of central (medium) Pb+Pb events the fake rate goes below 10% (5%)
for pT > 0.4 GeV/c.

In summary the CMS detector is able to provide good quality data on spectra and yields of charged particles, thus
contributing to the soft hadronic physics program at the LHC.
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A Some geometry
This appendix shows the construction of the limiting circles and the calculation of the allowed ranges for the third
hits. Some notations relevant to the discussion are given inTable 2.
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A.1 Limiting circles

The situation is substantially simplified by looking at the projection of the geometrical objects on the transverse
plane: helices and cylinders will be transformed to circles. The projection of the cylinder of origin is a circlec0

with centerO and radiusr0. The projection of the cylinder of the hypothetical third barrel layer is a circlec3

with centerO and radiusr3. With a givenc0, pT,min, c3 and a point pairP1 andP2, each requirement (”origin”,
”minimum”, ”third”, see Section 2) defines a region of allowed track trajectories. Each region is enclosed by a pair
of so called limiting circles, projection of extreme trajectories. The limiting circles pass through bothP1 andP2

and they are of two types:

• touching limiting circle: they touch the circlesc0 (or c3)

• minimal limiting circle: they have minimal radius corresponding topT,min

The limiting circles can be found more easily using inversion. An inversion with centerP and radiusk has the
following properties:

• it inverts a point on the inversion circle(P, k) into itself

• it inverts a circlec(C, r) which does not pass throughP into another circlec′(C ′, r′) with centerC ′ =
P + s(C − P ) and radiusr′ = |s|r, wheres = k2/(CP 2 − r2)

• it inverts a pointC into another pointC ′ = P + s(C − P ), wheres = k2/CP 2

• it inverts a circle which passes throughP into a line drawn through the two intersections of the circleand
the inversion circle

In this concrete case the center of the inversion circle is chosen to beP1 and its radius isk = P1P2. The limiting
circles passing through bothP1 andP2 are inverted into lines passing thoughP2.

Touching circles. The inverse of circlec0(O, r0) is another circlec′0(O
′
0, r

′
0). Two lines can be drawn fromP2

which touchc′0 (see Fig. 15). They are the inverses of the limiting circles.The angleχ0 between these lines
containingO′

0 is

sin
χ0

2
=

r′0
P2O′

0

χ0 = arccos

(

1 −
2r′20

P2O′2
0

)

(2)

The bisector of this angle is in the directionα0 = arg( ~P2O′
0). The corresponding angle for circlec3(O, r3) is

obtained in a similar way (see Fig. 16).

Table 2: Some notations relevant to the geometrical discussion. The circlec3 is used only ifP3 is searched on a
hypothetical barrel layer.

Notation Meaning
O position of the beam-line
P1 inner hit of the pair, center of the inversion
P2 outer hit of the pair
P3 hypothetical third hit
k radius of the inversion circle,P1P2

c0 circle of origin, with centerO and radiusr0

rm radius of the minimal circle corresponding topT,min

c3 circle on whichP3 may lie, with centerO and radiusr3

α direction of the angle bisector with vertexP2

χ opening of the angle with vertexP2
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Figure 15: Determination of the limiting circles (solid blue) touching the circle of originc0(O, r0) (solid red).
The members of the pair areP1 andP2. The problem is solved by inversion with centerP1 and radiusk = P1P2.
The inverted objects are shown on the right. The inverse ofP2 is itself. c0 is inverted to another circlec′0(O

′
0, r

′
0).

The limiting circles with centersC1 (not in the figure) andC2 are inverted to lines passing thoughP2. These lines
are tangent toc′0. The central circle (dashed blue) is inverted to the bisector of angleχ. If the third hit is searched
on a circle (third barrel layer) the limiting circles cut outan arcP3 − P3 (thick green) where the candidates may
be located.
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Figure 17: Determination of the minimal circles (solid blue) having minimal radius corresponding topT,min. The
members of the pair areP1 andP2. The problem is solved by inversion with centerP1 and radiusk = P1P2. The
inverted objects are shown on the right. The inverse ofP2 is itself. The minimal circles with centersC1 andC2

are inverted to lines passing thoughP2. The central line drawn through bothP1 andP2 is inverted to the bisector
(dashed blue) of angleχ. If the third hit is searched on a circle (third barrel layer)the minimal circles cut out an
arcP3 − P3 (thick green) where the candidates may be located.

Minimal circles. The inverses of the minimal circles are lines passing through P2 (see Fig. 17). The angleχm

between these lines containingP1

sin
χm

2
=

k

2rm

χm = arccos

(

1 −
k2

2r2
m

)

(3)

The bisector of this angle is in the directionαm = arg( ~P2P1).

In the end each pair of limiting circles is transformed into an angle described by bisectorα and openingχ with a
common vertexP2. The common part(αc, χc) of these angles is given by their intersection(α0, χ0)

⋂

(αm, χm)
or (α0, χ0)

⋂

(αm, χm)
⋂

(α3, χ3). If the result is not empty, it represents the region of allowed trajectories in the
inverted space which fulfil all the requirements.

Three unit vectors~v−, ~v0 and ~v+ are formed belonging to three special trajectories.

• arg( ~v−) = αc − χc/2, ”lower” leg of the common angle, inverse of one of the commonlimiting circles

• arg(~v0) = αc, bisector of the common angle, inverse of the central circle

• arg( ~v+) = αc + χc/2, ”upper” leg of the common angle, inverse of the another common limiting circle

The lines belonging to these vectors are transformed back tothe original space giving the three special circles. The
centerC of such a circle is be determined in the following way. LetA denote the antipode ofP1 on the circle. The
inverse of this point is atA′ = P2 − ~v[~v(P2 − P1)]. The center of the common limiting circle is atC = P1+A

2
.

Any circle that passes through bothP1 andP2 and located in the region limited by the common limiting circles
fulfils all the requirements.

A.2 Allowed ranges

With help of thez coordinates of pointsP1 andP2, any allowed circle can be transformed back to a helix. The
candidates for third hit are located on a layer (Fig. 18). Thethrusts of allowed helices on the surface of that layer
form a curve. It is not necessarily a line, but already well approximated by a parabola in proper coordinates:(φ, z)
for barrel and(φ, r) for endcap. A parabola is be defined from three points, hence three special trajectories are
needed. The next task is to calculate the thrust of the limiting helices and the central helix on the layer.
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Figure 18: Determination of the possible range of the third hit candidates in case of a barrel layer (left) and an
endcap layer (right), shown in three dimensions. The cylinder of origin (red) and the layers (green) are indicated.
The members of the pair areP1 andP2. Curves of the two extreme trajectories (solid blue) and thecentral trajectory
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envelope is given (magenta grid).

Barrel layer. The inverse ofc3(O, r3) is another circlec′3(O
′
3, r

′
3). The intersections of the special circles and

c3 have to be found first. With help of the corresponding unit vector ~v the inverse of the intersectionP3(~v) is at

P ′
3 = P2 + ~v

[

~P2O′
3 · ~v −

√

r′23 + ( ~P2O′
3 · ~v)2 − P2O′2

3

]

(4)

Theφ coordinate is given byarg ~OP3. Due to the nature of the helix, there is a linear relationship between the
azimuthal angle with respect to the center of the circle and the z coordinate. This way thez coordinate also be
calculable. In the end there are three pairs of(φ, z) values for each special helices belonging to unit vectors~v−, ~v0

and ~v+.

Endcap layer. A hypothetical endcap layer is described by its coordinatez3. Due to the linear relationship
mentioned in the previous paragraph, the angle6 P2CP3 is calculated. The position ofP3 is obtained by moving
along the helix with this angle. In the end there are three pairs of (φ, r) values for each special helices belonging
unit vectors~v−, ~v0 and ~v+.

The coordinates of the three thrust points can be readily used for parabola fit. The hit cache providing third hit
candidates expects a rectangular area in(φ, z/r) coordinates. In order to match that, a rectangular envelopeof the
corresponding part of parabola is calculated (for details see Fig. 19).

B Event gallery
Plots of reconstructed single minimum bias p+p events are shown in Fig. 20.
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Figure 20: Plots of reconstructed single minimum bias p+p events. Hits are shown by open black boxes. Those
hits which belong to a reconstructed track are indicated by filled blue boxes. The helices of the reconstructed
trajectories are drawn with solid red lines. Both the three dimensional view and its planar projection are shown.
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